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Quantum light is a key resource for promoting quantum technology. One such class of technology
aims to improve the precision of optical measurements using engineered quantum states of light.
In this study, we investigate transmission measurement of frequency-entangled broadband photon
pairs generated via parametric down-conversion with a monochromatic laser. It is observed that
state-to-state dynamics in the system under study are temporally resolved by adjusting the path
difference between the entangled twin beams when the entanglement time is sufficiently short. The
non-classical photon correlation enables time-resolved spectroscopy with monochromatic pumping.
It is further demonstrated that the signal corresponds to the spectral information along anti-diagonal
lines of, for example, two-dimensional Fourier-transformed photon echo spectra. This correspon-
dence inspires us to anticipate that more elaborately engineered photon states would broaden the
availability of quantum light spectroscopy.
I. INTRODUCTION
Ultrafast optical spectroscopy plays a pivotal role in
investigating the structural and dynamic properties of
complex molecules and materials. Most spectroscopic
measurements project the microscopic information onto
a single time or frequency axis, and hence, a wealth of
information is difficult to extract unambiguously. To de-
code the information contents projected onto this one-
dimensional axis, multidimensional observables need to
be explored sometimes, in which the structural and dy-
namic information is projected onto more than two axes.
Over the past quarter century, extensive effort has been
devoted to the development of coherent multidimensional
spectroscopy [1–4].
To reveal ultrafast phenomena using spectroscopic
methods, ultrashort pulsed lasers need to be applied.
However, the broad bandwidth of such pulses prohibits
the selective excitation of a single electronic state, mak-
ing multidimensional spectra congested or even feature-
less. The key issue is that spectroscopy with classical
light is subject to Fourier limitations on its joint tempo-
ral and spectral resolution. Further, this issue becomes
more prominent when investigating biomolecular pro-
cesses, such as photosynthetic light harvesting, in which
multiple electronic states are present within a narrow
energy range. As a possible solution, the polarization-
specific technique has been employed in two-dimensional
(2D) electronic and infrared spectroscopy [5–9].
On another front, quantum light, such as entangled
photon pairs, is a key resource for promoting cutting-
edge quantum technology [10]. One class of this tech-
nology aims to improve the precision of optical mea-
surements via non-classical photon correlations. Quan-
tum metrology has rapidly gained widespread attention
due to its ability to make measurements with sensitiv-
ity and resolution beyond the limits imposed by the
laws of classical physics [11]. Consequently, it is hoped
that quantum light will also open new avenues for opti-
cal spectroscopy using the parameters of quantum states
of light [12]. Thus far, experiments of absorption spec-
troscopy with two-photon coincidence counting [13, 14],
two-photon absorption [15–18], two-photon induced flu-
orescence [19, 20], sum frequency generation [21], and
infrared spectroscopy with visible light [22] have been
performed with frequency-entangled broadband photons
generated through parametric down-conversion (PDC) or
resonant hyper-parametric scattering [23, 24]. Recently,
special attention has been paid to the possibility of joint
temporal and spectral resolutions [16, 25–27]. Entangled
photon pairs are not subjected to the Fourier limitations
on their joint temporal and spectral resolutions [16, 17],
and hence, the simultaneous improvement of time and
frequency resolutions may be achievable. Motivated by
this potential benefit, entangled photon-pair 2D fluores-
cence spectroscopy [28, 29] and pump-probe and stimu-
lated Raman spectroscopy with two-photon coincidence
counting [30, 31] were discussed.
In this work, we theoretically investigate the
frequency-dispersed transmission measurement of
frequency-entangled photon pairs generated via PDC
pumped with a monochromatic laser. In this spectro-
scopic method, the signal and idler photons are employed
as the pump and probe fields, respectively, with delay
interval. Then, we demonstrate that the non-classical
correlation between the entangled photons enables time-
resolved spectroscopy with monochromatic pumping
instead of a pulsed laser. Moreover, the relation with
heterodyned four-wave mixing measurement, such as
2D Fourier-transformed photon echo, and the influence
of the entanglement time on the spectroscopic signals
are described herein. The paper is organized as follows:
In Sec. II, we describe the theory of the transmission
measurement of frequency-entangled photon pairs and
the signal in the limit of short entanglement time. In
Sec. III, we discuss the correspondence to coherent
multidimensional spectroscopy and the influence of finite
2entanglement time on the signal. Section IV is devoted
to concluding remarks.
II. THEORY AND RESULTS
We consider electric fields inside a one-dimensional
nonlinear crystal of length L and subject to the PDC
process. In this process, a pump photon with frequency
ωp is split into signal and idler photons with frequencies
ω1 and ω2, such that ωp = ω1 + ω2. In the weak down-
conversion regime, the state vector of the generated twin
photons is written as [32, 33]
|ψtwin〉 ≃
∫
dω1
∫
dω2 f(ω1, ω2)aˆ
†
s(ω1)aˆ
†
i (ω2)|vac〉. (1)
In the equation |vac〉 denotes the photon vacuum state,
and aˆ†s(ω) and aˆ
†
i (ω) are the creation operators of the sig-
nal and idler photons, respectively, of frequency ω, where
the commutation relation, [aˆσ(ω), aˆ
†
σ′(ω
′)] = δσσ′ δ(ω −
ω′), is satisfied. The two-photon amplitude, f(ω1, ω2), is
expressed as f(ω1, ω2) = ζAp(ω1 + ω2)φ(ω1, ω2), where
Ap(ω) is the normalized pump envelope and φ(ω1, ω2) =
sinc[∆k(ω1, ω2)L/2] is the phase-matching function with
momentum mismatch between the input and output pho-
tons, ∆k(ω1, ω2). Typically, ∆k(ω1, ω2) may be approxi-
mated linearly around the central frequencies of the gen-
erated beams, ω¯s and ω¯i, as ∆k(ω1, ω2)L = (ω1− ω¯s)Ts+
(ω2 − ω¯i)Ti with Tσ = L/vp − L/vσ [33, 34], where vp
and vσ are the group velocities of the pump laser and a
generated beam at frequency ω¯σ, respectively. The dif-
ference, Te = |Ts − Ti|, is referred to the entanglement
time [26], which represents the maximum of the relative
delay between the signal and idler photons. All other
constants are merged into factor ζ, which corresponds to
the conversion efficiency of the PDC process.
We consider a system comprising molecules and light
fields. The total Hamiltonian is written as Hˆtotal =
Hˆmol + Hˆfield + Hˆmol–field. The first term, Hˆmol, rep-
resents the Hamiltonian of photoactive degrees of free-
dom in the molecules, and the second term is the free
Hamiltonian of the fields. The electronic states are
grouped into well-separated manifolds: electronic ground
state |0〉, single-excitation manifold {|eα〉}, and double-
excitation manifold {|fγ¯〉}. In this paper, an overline
such as γ¯ indicates a state in the double-excitation man-
ifold. The optical transitions are described by the dipole
operator, µˆ = µˆ+ + µˆ−, where µˆ+ is defined by µˆ+ =∑
α µα0|eα〉〈0|+
∑
αγ¯ µγ¯α|fγ¯〉〈eα|, and µˆ− = µˆ
†
+. Under
the rotating-wave approximation, the molecule–field in-
teraction can be written as Hˆmol–field(t) = −µˆ+Eˆ
+(t) −
µˆ−Eˆ
−(t), where Eˆ+(t) and Eˆ−(t) denote the positive-
and negative-frequency components, respectively, of the
electric field operator.
The signal–idler relative delay is innately determined
when generated; the upper bound of the interval is Te/2.
However, the signal–idler delay interval is further con-
trolled by adjusting the path difference between the
optical delay  Δt > 0
sample
ω
p
signal
idler
ω
PDC
FIG. 1. Schematic of frequency-dispersed transmission
measurement with quantum entangled photon pairs gener-
ated via parametric down-conversion (PDC) pumped with a
monochromatic laser of frequency ωp. The signal–idler mu-
tual delay interval is determined when generated at the PDC
crystal. The upper bound of this innate interval is Te/2. The
delay interval is further controlled by adjusting the path dif-
ference between the signal and idler beams. The entangled
photons are directed onto a sample with “a posteriori” de-
lay ∆t of the idler beam, and the change in the number of
transmitted idler photons with frequency ω is registered.
beams [35, 36]. This a posteriori delay is denoted by ∆t
herein. Figure 1 demonstrates the frequency-dispersed
transmission measurement using the frequency-entangled
photon pairs. The same setup was discussed in Ref. [37],
as well as Refs. [38] and [39]. In this measurement, the
signal photon is employed as the pump field, whereas the
idler photon is used for the probe field with time delay
∆t ≥ 0, and hence, the positive-frequency component of
the employed field operator is written as [35, 36]
Eˆ+(t) = Eˆ+i (t) + Eˆ
+
s (t+∆t), (2)
where Eˆ+σ (t) = (2pi)
−1
∫
dω aˆσ(ω)e
−iωt. The slowly
varying envelope approximation has been adapted, with
the bandwidth of the fields assumed to be negligi-
ble in comparison to the central frequency [40]. The
probe field transmitted through sample Eˆi is frequency-
dispersed and the change in the transmitted photon num-
ber, Eˆ−i (ω)Eˆ
+
i (ω), is measured. Thus, the frequency-
dispersed intensity is written as [12]
S(ω; ∆t) = Im
∫ ∞
−∞
dt eiωttr
[
Eˆ−i (ω)µˆ−ρˆ(t)
]
, (3)
with the initial condition of ρˆ(−∞) = |0〉〈0| ⊗
|ψtwin〉〈ψtwin|. The lowest-order contribution of Eq. (3)
is the absorption of only the idler photon. However,
the absorption signal is independent of the PDC pump
frequency, ωp, and delay time, ∆t. Thus, the pro-
cess can be separated from the pump-probe-type two-
photon process. Consequently, the perturbative expan-
sion of ρˆ(t) with respect to the molecule–field interaction,
Hˆmol–field, yields the third-order term as the leading or-
der contribution. The resultant signal is expressed as
the sum of eight contributions, which are classified into
ground-state bleaching (GSB), stimulated emission (SE),
excited-state absorption (ESA), and double-quantum co-
herence (DQC). Typically, the coherence between the
3electronic ground state and a doubly excited state rapidly
decays in comparison to the others, and hence, the DQC
contribution is disregarded in this work. For simplicity,
electronic coherence within the single-excitation manifold
is also ignored in this work. Each contribution is written
as
S(y)x (ω; ∆t) = Im
∫ ∞
−∞
dt eiωt
×
∫∫∫ ∞
0
d3sΦ(y)x (s3, s2, s1)C
(y)
x (ω, t; s3, s2, s1), (4)
where x indicates GSB, SE, or ESA, and y indicates
“rephasing” (r) or “non-rephasing” (nr). The func-
tion of Φ
(y)
x (s3, s2, s1) indicates the third-order response
function of the molecules, whereas C
(y)
x (ω, t; s3, s2, s1)
is the four-body correlation function of the field oper-
ators, such as C
(r)
ESA(ω, t; s3, s2, s1) = 〈Eˆ
−(t − s3 − s2 −
s1)Eˆ
−
i (ω)Eˆ
+(t− s3)Eˆ
+(t− s3 − s2)〉. The bracket indi-
cates the expectation value in terms of |ψtwin〉, namely
〈. . . 〉 = 〈ψtwin| . . . |ψtwin〉.
To obtain a concrete but simple expression of
the signal, the memory effect straddling differ-
ent time intervals in the response function is ig-
nored [41]. Consequently, the response function
is expressed in a simpler form, Φ(t3, t2, t1) =
(i/h¯)3tr[µˆ−Gˆ(t3)µˆ
×Gˆ(t2)µˆ
×Gˆ(t1)µˆ
×|0〉〈0|], where the
trace is computed only for the photoactive degrees of free-
dom, |0〉, {|eα〉}, and {|fγ¯〉}. In the equation, Gˆ(t) de-
notes the time-evolution operator of the molecular exci-
tations and the super-operator notation was introduced,
µˆ×Oˆ = [µˆ, Oˆ] for any operand Oˆ. Hereafter, Dirac’s con-
stant, h¯, will be omitted. For example, the rephasing
contribution of the ESA signal is written as [42]
Φ
(r)
ESA(t3, t2, t1)
= −i3
∑
αβγ¯
µ2γ¯βµ
2
α0Gγ¯β(t3)Gβ←α(t2)G0α(t1), (5)
where Gβ←α(t) is the matrix element of the time-
evolution operator defined by ρββ(t) =
∑
αGβ←α(t −
s)ραα(s), and Gαβ(t) describes the time evolution of the
|eα〉〈eβ | coherence.
To calculate the signal, the four-body correlation func-
tions of the field operators also need to be computed. To
this end, we consider a case of monochromatic pump-
ing with frequency ωp for the PDC process. The two-
photon amplitude in Eq. (1) is recast into f(ω1, ω2) =
ζδ(ω1 + ω2 − ωp) sinc[(ω2 − ω¯i)Te/2]. Consequently, the
two-photon wave function and field auto-correlation func-
tion, which appear in normal ordering in the four-body
correlation functions, are computed as
〈vac|Eˆ+s (t)Eˆ
+
i (s)|ψtwin〉 =
ζ
2pi
D1(t− s)e
−iω¯st−iω¯is, (6)
〈ψtwin|Eˆ
−
σ (t)Eˆ
+
σ (s)|ψtwin〉 =
ζ2
2pi
D2(t− s)e
iω¯σ(t−s), (7)
where Dn(t) is defined by
Dn(t) =
∫ ∞
−∞
dω
2pi
e−iωt
(
sinc
ωTe
2
)n
. (8)
The expressions of D1(t) and D2(t) are calculated by the
rectangular and triangular functions of t/Te, respectively.
In this work, however, our attention is directed to the
limit of Te → 0,
lim
Te→0
Dn(t) = δ(t), (9)
which holds true irrespective of the values of n. This
implies that the four-body correlation functions can
be simply expressed when the entanglement time, Te,
is extremely short as compared to the characteristic
timescales of the dynamics under investigation [43]. In-
deed, the four-body correlation function in the rephasing
ESA signal reduces to
C
(r)
ESA(ω, t; s3, s2, s1)
= δ(s2 −∆t)e
−iωt+iωs3−i(ωp−ω)s1 . (10)
The case of longer entanglement time will be discussed
later in this paper.
Consequently, Eq. (3) is expressed as
S(ω; ∆t) = SGSB(ω; ∆t) + SSE(ω; ∆t)
+ SESA(ω; ∆t) + Sc(ω), (11)
in terms of the GSB, SE, and ESA contributions,
SGSB(ω; ∆t) = −
∑
αβ
Iβ0,α0(ω, ωp − ω), (12)
SSE(ω; ∆t) ≃ −
∑
αβ
Iβ0,α0(ω, ωp − ω)Gβ←α(∆t), (13)
SESA(ω; ∆t) ≃ +
∑
αβγ¯
Iγ¯β,α0(ω, ωp − ω)Gβ←α(∆t). (14)
In the above, Iαβ,γδ(ω2, ω1) is defined by
Iαβ,γδ(ω2, ω1) = µ
2
αβµ
2
γδG
′
αβ [ω2]G
′
γδ[ω1], (15)
where G′αβ [ω] is the real part of the Fourier–Laplace
transform of the time-evolution operator, Gαβ [ω] =∫∞
0 dt e
iωtGαβ(t). The last term in Eq. (11) originates
from the auto-correlation function in Eq. (7), which is
written as Sc(ω) = −
∑
αβ µ
2
β0µ
2
α0G
′
β0[ω](G
′
α0[ω] +Kβα)
with Kβα =
∫∞
0 dsGβ←α(s). In deriving Eq. (11), we
employed the approximation of Gβ←α(∆t−s1)Gα0(s1) ≃
Gβ←α(∆t)Gα0(s1) for the non-rephasing Liouville path-
ways [44]. This approximation is justified when the re-
sponse function varies slowly as a function of the wait-
ing time, t2. Namely, the dynamics within the single-
excitation manifold are slow in comparison to the de-
cay of the coherence between different manifolds during
4the t1 period. To remove the ∆t-independent contribu-
tions, the difference spectrum is considered, ∆S(ω; ∆t) =
S(ω; ∆t) − S(ω; ∆t = 0), which contains only the SE
and ESA contributions as a function of ∆t. Notably,
the non-classical correlation between the twin photons
enables time-resolved spectroscopy with monochromatic
pumping.
To obtain the information contents of the signal, we
assume that the time evolution in the t1 and t3 periods
is described as Gαβ(t) = e
−(iωαβ+ǫ+)t, thereby leading
to the expression of Iβ0,α0(ω, ωp) in the SE contribution,
Iβ0,α0(ω, ωp−ω) ∝ δ(ω−ωβ0)δ(ωp−ω−ωα0). It can be
understood that the stimulated emission probed at fre-
quency ω = ωβ0 indicates that an excited state of elec-
tronic energy ωα0 = ωp − ωβ0 was populated with the
pump field. Similarly, the ESA contribution with fre-
quency ω = ωγ¯β is also understood. The non-classical
correlation between the entangled twin photons restricts
possible optical transitions for a given PDC pump fre-
quency. Therefore, Eq. (11) spectrally resolves a pair of
optical transitions, (0 → eα, 0 → eβ) or (0 → eα, eβ →
fγ¯), with the pump frequency ωp for PDC, provided that
the equality of ωp = ωα0 + ωβ0 or ωp = ωα0 +ωγ¯β holds.
Simultaneously, Eq. (11) temporally resolves the excited
state dynamics of eα → eβ through the intensity change
of the SE signal at frequency ω = ωβ0 or the ESA signal
at frequency ω = ωγ¯β .
III. DISCUSSION
It is noted that the above property corresponds to
the anti-diagonal cut of a coherent 2D optical spectrum.
Thus, we consider the absorptive 2D spectrum obtained
with a pump-probe [44] or photon-echo technique [45].
The absorptive 2D spectrum is obtained from the sum of
the rephasing and non-rephasing contributions and ex-
pressed as
S2D(ω3, t2, ω1) = SGSB(ω3, t2, ω1)
+ SSE(ω3, t2, ω1) + SESA(ω3, t2, ω1), (16)
with the GSB, SE, and ESA contributions
SGSB(ω3, t2, ω1) = +
∑
αβ
Iβ0,α0(ω3, ω1), (17)
SSE(ω3, t2, ω1) = +
∑
αβ
Iβ0,α0(ω3, ω1)Gβ←α(t2), (18)
SESA(ω3, t2, ω1) = −
∑
αβγ¯
Iγ¯β,α0(ω3, ω1)Gβ←α(t2). (19)
Notably, Eq (11) provides the spectral information along
the anti-diagonal line, ω1 + ω3 = ωp, on the absorptive
2D spectrum,
S(ω3; ∆t) = −S2D(ω3,∆t, ωp − ω3), (20)
except for the additional term that originates from the
commutator of the field operators, Sc(ω). Therefore, the
appropriate selection of pump frequency ωp allows one to
analyze individual diagonal and/or off-diagonal peaks of
the 2D spectrum. Furthermore, by sweeping pump fre-
quency ωp, the transmission intensity, S(ω; ∆t), becomes
homologous to the 2D spectrum, S2D(ω3,∆t, ω1).
However, it should not be overlooked that the corre-
spondence between S(ω; ∆t) and S2D(ω3, t2, ω1) is only
true for the condition of short entanglement time. To
demonstrate the difference in the case of longer entangle-
ment time, the rephasing contribution of the ESA signal
is considered as an example. For a finite value of the
entanglement time, the four-body correlation function of
the field is computed as
C
(r)
ESA(ω, t; s3, s2, s1)
= sinc
(ω − ω¯i)Te
2
e−iωt+iωs3−i(ωp−ω)s1−iΩi∆t
× [D1(s2 −∆t)e
iΩis2 +D1(s2 +∆t)e
iΩss2 ], (21)
where D1(t) = T
−1
e rect(t/Te) and Ωσ = ω − ω¯σ. Thus,
the rephasing contribution of the ESA signal is obtained
as
S
(r)
ESA(ω; ∆t) = sinc
(ω − ω¯i)Te
2
× Re
∑
αβγ¯
µ2γ¯βµ
2
α0Gγ¯β [ω]G
∗
α0[ωp − ω]Fβ←α(∆t), (22)
where Fβ←α(∆t) is introduced as
Fβ←α(∆t) =
∫ ∞
0
dsGβ←α(s)e
−iΩi∆t
× [D1(s−∆t)e
iΩis +D1(s+∆t)e
iΩss]. (23)
The rephasing SE signal is also expressed by a similar for-
mula including Fβ←α(∆t). However, the non-rephasing
SE and ESA signals are expressed with more complicated
equations owing to D1(s2 + s1 ±∆t). When the coher-
ences between the electronic eigenstates in the single-
excitation manifold are ignored and energy transfer rates
between the electronic eigenstates are provided, the ma-
trix elements of the time-evolution operator, Gβ←α(t),
are written as the sum of exponential functions of t. For
demonstration purposes, we model the matrix element
as Gβ←α(t) = e
−λt. Here, it should be noted that the
interval between the arrival times of the signal and idler
photons at the molecular sample, ti−ts, becomes blurred
because of the entanglement time, Te, as
∆t−
Te
2
≤ ti − ts ≤ ∆t+
Te
2
. (24)
However, inequality ti− ts ≥ 0 should hold for the pump-
probe-type two-photon process depicted in Fig. 1. In
the case of Te/2 < ∆t, the expression of Fβ←α(∆t) is
obtained as
Fβ←α(∆t) = sinc
(ω − ω¯i + iλ)Te
2
e−λ∆t. (25)
5In contrast, in the case of ∆t < Te/2, Eq. (23) leads to
Fβ←α(∆t) =
ei(ω−ω¯i+iλ)Te/2e−λ∆t − e−i(ω−ω¯i)∆t
i(ω − ω¯i + iλ)Te
+
ei(ω−ω¯s+iλ)Te/2e−i(2ω−ωp+iλ)∆t − e−i(ω−ω¯i)∆t
i(ω − ω¯s + iλ)Te
. (26)
If coherence |α〉〈β| is considered, the time-evolution op-
erator is modeled as Gαβ(t) = e
−iωαβt−λt, and λ in
Eqs. (25) and (26) is replaced with iωαβ + λ. When the
entanglement time is sufficiently short in comparison to
the characteristic timescale of dynamics under investiga-
tion, Eq. (25) leads to Fβ←α(∆t) ≃ Gβ←α(∆t). How-
ever, in the opposite limit, Eq. (26) exhibits complicated
time evolution depending on the values of ω¯s and ω¯i, and
hence, it is impossible to extract relevant information on
the excited-state dynamics from the signal. Moreover,
Eqs. (22), (25), and (26) demonstrate that the signal as
a function of entanglement time, Te, does not provide any
relevant information on the excited-state dynamics .
IV. CONCLUDING REMARKS
In this work, we theoretically investigated quantum en-
tangled two-photon spectroscopy, specifically frequency-
dispersed transmission measurement using frequency-
entangled photon pairs generated via PDC pumped with
a monochromatic laser. When the entanglement time is
sufficiently short compared to characteristic timescales of
the dynamics under investigation, the transmission mea-
surement is capable of temporally resolving the state-
to-state dynamics, although a monochromatic laser is
employed. The non-classical correlation between the
twin photons enables time-resolved spectroscopy with
monochromatic pumping instead of a pulsed laser. Fur-
thermore, we demonstrated that the transmission mea-
surement could provide the same information contents
as in heterodyned four-wave mixing signals, such as 2D
Fourier-transformed photon echo, although a simple op-
tical system and simple light source are employed. This
correspondence inspires us to anticipate that the usage
of more elaborately engineered quantum states of light
[46–48] would broaden the availability of quantum light
spectroscopy [49] or molecular quantum metrology. The
extensions of the present work in these directions are to
be explored in future studies.
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Appendix A: Four-body correlation functions of the
electric field operators
To calculate the signal, the four-body correlation func-
tions of the electric field operator, Eˆ(t) = Eˆi(t) + Eˆs(t+
∆t) need to be computed. With the use of Eqs. (6) and
(7), the four-body correlation functions in Eq. (4) are
computed as follows:
C
(r)
GSB(ω, t; s3, s2, s1)
= 〈Eˆ−(t− s3 − s2 − s1)Eˆ
+(t− s3 − s2)Eˆ
−
i (ω)Eˆ
+(t− s3)〉
= D˜(Ωi)D1(s2 −∆t)e
−iωt+iωs3+iΩis2−i(ωp−ω)s1−iΩi∆t
+ D˜(Ωi)D1(s2 +∆t)e
−iωt+iωs3+iΩss2−i(ωp−ω)s1−iΩi∆t
+D2(s2 + s1)e
−iωt+iωs3+iΩss2−iω¯ss1 , (A1)
C
(nr)
GSB(ω, t; s3, s2, s1)
= 〈Eˆ−i (ω)Eˆ
+(t− s3)Eˆ
−(t− s3 − s2)Eˆ
+(t− s3 − s2 − s1)〉
= D˜(Ωi)D1(s2 + s1 −∆t)e
−iωt+iωs3+iΩis2+iω¯ss1−iΩi∆t
+ D˜(Ωi)D1(s2 + s1 +∆t)e
−iωt+iωs3+iΩss2+iω¯is1−iΩi∆t
+ D˜(Ωi)
2δ(s2)e
−iωt+iωs3+iωs1 , (A2)
C
(r)
SE(ω, t; s3, s2, s1)
= 〈Eˆ−(t− s3 − s2 − s1)Eˆ
+(t− s3)Eˆ
−
i (ω)Eˆ
+(t− s3 − s2)〉
= D˜(Ωi)D1(s2 −∆t)e
−iωt+iωs3+iΩis2−i(ωp−ω)s1−iΩi∆t
+ D˜(Ωi)D1(s2 +∆t)e
−iωt+iωs3+iΩss2−i(ωp−ω)s1−iΩi∆t
+D2(s1)e
−iωt+iωs3−iω¯ss1 , (A3)
C
(nr)
SE (ω, t; s3, s2, s1)
= 〈Eˆ−(t− s3 − s2)Eˆ
+(t− s3)Eˆ
−
i (ω)Eˆ
+(t− s3 − s2 − s1)〉
= D˜(Ωi)D1(s2 + s1 −∆t)e
−iωt+iωs3+iΩis2+iω¯ss1−iΩi∆t
+ D˜(Ωi)D1(s2 + s1 +∆t)e
−iωt+iωs3+iΩss2+iω¯is1−iΩi∆t
+D2(s1)e
−iωt+iωs3iω¯ss1 , (A4)
C
(r)
ESA(ω, t; s3, s2, s1)
= 〈Eˆ−(t− s3 − s2 − s1)Eˆ
−
i (ω)Eˆ
+(t− s3)Eˆ
+(t− s3 − s2)〉
= D˜(Ωi)D1(s2 −∆t)e
−iωt+iωs3+iΩis2−i(ωp−ω)s1−iΩi∆t
+ D˜(Ωi)D1(s2 +∆t)e
−iωt+iωs3+iΩss2−i(ωp−ω)s1−iΩi∆t,
(A5)
6and
C
(nr)
ESA(ω, t; s3, s2, s1)
= 〈Eˆ−(t− s3 − s2)Eˆ
+(t− s3)Eˆ
−
i (ω)Eˆ
+(t− s3 − s2 − s1)〉
= D˜(Ωi)D1(s2 + s1 −∆t)e
−iωt+iωs3+iΩis2+iω¯ss1−iΩi∆t
+ D˜(Ωi)D1(s2 + s1 +∆t)e
−iωt+iωs3+iΩss2+iω¯is1−iΩi∆t,
(A6)
where D˜(ω) = sinc(ωTe/2) is defined, and the common
prefactor of each term, ζ2/(2pi)2 is omitted. In the limit
of Te → 0, one obtains D˜(ω) ≃ 1 and D1(t) ≃ δ(t).
[1] S. Mukamel, Annu. Rev. Phys. Chem. 51, 691 (2000).
[2] G. S. Schlau-Cohen, A. Ishizaki, and G. R. Fleming,
Chem. Phys. 386, 1 (2011).
[3] F. D. Fuller and J. P. Ogilvie, Annu. Rev. Phys. Chem.
66, 667 (2015).
[4] M. Kowalewski, B. P. Fingerhut, K. E. Dorfman, K. Ben-
nett, and S. Mukamel, Chem. Rev. 117, 12165 (2017).
[5] R. M. Hochstrasser, Chem. Phys. 266, 273 (2001).
[6] M. T. Zanni, N.-H. Ge, Y. S. Kim, and R. M.
Hochstrasser, Proc. Natl. Acad. Sci. USA 98, 11265
(2001).
[7] J. Dreyer, A. M. Moran, and S. Mukamel, Bull. Korean
Chem. Soc. 24, 1091 (2003).
[8] G. S. Schlau-Cohen, A. Ishizaki, T. R. Calhoun, N. S.
Ginsberg, M. Ballottari, R. Bassi, and G. R. Fleming,
Nat. Chem. 4, 389 (2012).
[9] S. Westenhoff, D. Palec˘ek, P. Edlund, P. Smith, and
D. Zigmantas, J. Am. Chem. Soc. 134, 16484 (2012).
[10] I. A. Walmsley, Science 348, 525 (2015).
[11] D. S. Simon, G. Jaeger, and A. V. Sergienko, Quan-
tum Metrology, Imaging, and Communication (Springer,
Cham, 2016).
[12] K. E. Dorfman, F. Schlawin, and S. Mukamel, Rev. Mod.
Phys. 88, 045008 (2016).
[13] A. Yabushita and T. Kobayashi, Phys. Rev. A 69, 013806
(2004).
[14] A. A. Kalachev, D. A. Kalashnikov, A. A. Kalinkin, T. G.
Mitrofanova, A. V. Shkalikov, and V. V. Samartsev,
Laser Phys. Lett. 4, 722 (2007).
[15] N. P. Georgiades, E. Polzik, K. Edamatsu, H. Kimble,
and A. Parkins, Phys. Rev. Lett. 75, 3426 (1995).
[16] B. Dayan, A. Pe’er, A. A. Friesem, and Y. Silberberg,
Phys. Rev. Lett. 93, 1581 (2004).
[17] B. Dayan, Phys. Rev. A 76, 1 (2007).
[18] D.-I. Lee and T. Goodson III, T, J. Phys. Chem. B 110,
25582 (2006).
[19] L. Upton, M. Harpham, O. Suzer, M. Richter,
S. Mukamel, and T. Goodson III, J. Phys. Chem. Lett.
4, 2046 (2013).
[20] O. Varnavski, B. Pinsky, and T. Goodson III, J. Phys.
Chem. Lett. 8, 388 (2017).
[21] A. Pe’er, B. Dayan, A. A. Friesem, and Y. Silberberg,
Phys. Rev. Lett. 94, 073601 (2005).
[22] D. A. Kalashnikov, A. V. Paterova, S. P. Kulik, and
L. A. Krivitsky, Nature Photon 10, 98 (2016).
[23] K. Inoue and K. Shimizu, Jpn. J. Appl. Phys. 43, 8048
(2004).
[24] K. Edamatsu, G. Oohata, R. Shimizu, and T. Itoh, Na-
ture 431, 167 (2004).
[25] H.-B. Fei, B. M. Jost, S. Popescu, B. E. Saleh, and M. C.
Teich, Phys. Rev. Lett. 78, 1679 (1997).
[26] B. E. A. Saleh, B. M. Jost, H.-B. Fei, and M. C. Teich,
Phys. Rev. Lett. 80, 3483 (1998).
[27] J.-P. W. MacLean, J. M. Donohue, and K. J. Resch,
Phys. Rev. Lett. 120, 053601 (2018).
[28] M. G. Raymer, A. H. Marcus, J. R. Widom, and D. L. P.
Vitullo, J. Phys. Chem. B 117, 15559 (2013).
[29] K. E. Dorfman and S. Mukamel, New J. Phys. 16, 033013
(2014).
[30] F. Schlawin, K. E. Dorfman, and S. Mukamel, Phys.
Rev. A 93, 023807 (2016).
[31] K. E. Dorfman, F. Schlawin, and S. Mukamel, J. Phys.
Chem. Lett. 5, 2843 (2014).
[32] W. P. Grice and I. A. Walmsley, Phys. Rev. A 56, 1627
(1997).
[33] T. E. Keller and M. H. Rubin, Phys. Rev. A 56, 1534
(1997).
[34] M. H. Rubin, D. N. Klyshko, Y. H. Shih, and A. V.
Sergienko, Phys. Rev. A 50, 5122 (1994).
[35] C. K. Hong, Z. Y. Ou, and L. Mandel, Phys. Rev. Lett.
59, 2044 (1987).
[36] J. Franson, Phys. Rev. Lett. 62, 2205 (1989).
[37] F. Schlawin and S. Mukamel, J. Chem. Phys. 139, 244110
(2013).
[38] O. Roslyak and S. Mukamel, Phys. Rev. A 79, 063409
(2009).
[39] H. Li, A. Piryatinski, J. Jerke, A. R. S. Kandada,
C. Silva, and E. R. Bittner, Quantum Sci. Technol. 3,
015003 (2017).
[40] R. Loudon, The Quantum Theory of Light, 3rd ed. (Ox-
ford University Press, Oxford, 2000).
[41] A. Ishizaki and Y. Tanimura, Chem. Phys. 347, 185
(2008).
[42] A. Ishizaki and G. R. Fleming, Annu. Rev. Condens.
Matter Phys. 3, 333 (2012).
[43] Y. Fujihashi, R. Shimizu, and A. Ishizaki, (2019),
arXiv:1904.11669.
[44] V. Cervetto, J. Helbing, J. Bredenbeck, and P. Hamm,
J. Chem. Phys. 121, 5935 (2004).
[45] M. Khalil, N. Demirdo¨ven, and A. Tokmakoff, Phys.
Rev. Lett. 90, 047401 (2003).
[46] H. T. Dinani, M. K. Gupta, J. P. Dowling, and D. W.
Berry, Phys. Rev. A 93, 063804 (2016).
[47] M. Cho, J. Chem. Phys. 148, 184111 (2018).
[48] L. Ye and S. Mukamel, Appl. Phys. Lett. 116, 174003
(2020).
[49] S. Mukamel, M. Freyberger, W. Schleich, M. Bellini,
A. Zavatta, G. Leuchs, C. Silberhorn, R. W. Boyd, L. L.
Sa´nchez-Soto, A. Stefanov, M. Barbieri, A. Paterova,
L. Krivitsky, S. Shwartz, K. Tamasaku, K. Dorfman,
F. Schlawin, V. Sandoghdar, M. Raymer, A. Marcus,
O. Varnavski, T. Goodson III, Z.-Y. Zhou, B.-S. Shi,
7S. Asban, M. Scully, G. Agarwal, T. Peng, A. V. Sokolov,
Z.-D. Zhang, M. S. Zubairy, I. A. Vartanyants, E. del
Valle, and F. Laussy, J. Phys. B: At. Mol. Opt. Phys.
53, 072002 (2020).
